-

ABICICES (A v N—=2 a Vg RO 7

Development of the method of inversion analyses

using ABIC

Yukitoshi Fukahata (Kyoto University)

Bad modelling leads to a bad inversion result.
A bad 1nversion result suggests bad modeling.
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Inversion Algorithm Using ABIC for slip inversion (1)
(Based on Yabuki & Matsu'ura, 1992)

1. Parametric Expansion X, X

uzy) =3 o X (@)Y (y)

k=1 [=1
a,: model parameter, u: slip distribution,

Xi(x), Y|(y) : basis function

HTEEZE S (CEILT
2. Observation Equation AT MeEEEMER

d=Ha+e d: data, e: error, e ~N(0,0°E)

_n 1
p(dla;o?)=(2nc’) 2 |E| 2 exp{— 21 (d—Ha) E™'(d - Ha)}
o)

BB ES)C LD TDER I E (e.g., Okada, 1985) M iHEE

2

3. Prior Information (smoothness condition)

fXY (8u/8x)2 + (8u/8y)2

_meoo1
pa;p*)=Q2np*) 2|G[2 eXp[— 5

dedy=a'Ga — small

lzaTGaJ
P



Inversion Algorithm Using ABIC for slip inversion (2)
(Based on Yabuki & Matsu'ura, 1992)

4. Bayes' Theorem (B#Hlh 5 OFH & EBROBEHREZHKE)
pa;o?,p’ 1d) =cp(d |a;0%) p(a;p?)

= (216} (@) B |G| % exp[— L s(a;az)}

: 20

with
s(aa’)=(d—Ha) E"'(d-Ha)+a’a’"Ga (&’ =0?/p’ : hyperparameter)

5. ABIC Minimum (ABIC: Akaike's Bayesian Information Criterion)
ABIC((:2 ,052) = —2log jp(a;o’2 o | d)da +C

The criterion of ABIC minimum — 52,(56 g

Given o 2, a 2, based on maximum likelihood method
—~ a=[H'E'H+4°G| H'Ed
C=6*HE'H+4°G)"



Observation eq. Prior information

d=Ha+e; p(d|a;c?) r=a'Ga; p(a;p°)

Bayes Thorem

p(a;o°,p? |d)=cp(d|a;0°) p(a; p*)
(o*)"? ‘E‘_l/ ’

1/2

)—(n+m)/2

= c(272'62 ‘G

2

with s(a)=(d—Ha)"E"\(d- Ha)+a"Ga
0

1 )
X exp| — s(a;o
p{ o ( )}

ABIC(G2,p%) =2 log[ [ paio®.p*| d)da} +C  (Akaike 1980)

minimum ABIC :> Optimal ¢?, p* (hyperparameter)

ABIC enables us to determine the relative weight between
observed data and prior information objectively.




ABIC determines the relative weight based on statistics

/ Characteristic of ABIC \

Observed data Prior infor.
A / \ /
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Extension of inversion methods
using ABIC



CASE1: More than one sort of prior information

Prlor Informatlon

0

1
2

2

(92u(x 1) r !
dxdt=a'G -Z|G
<J J- Za A e P(a;Plz):(zﬂ')zp—zl
. 1
2 <
J j 8u()§’t) dxdt=a'G,a .
A 2 2 G,
p(a;p;)=Q2m) *|—
P>

probability density function

exp[— 1 - aTGla}

2]
| 1

exp{— - aTGZaJ

2p;

1 1
2 2
paip?pi) = 2my | ol € exp{—l’ ot }
pillp 2 \p P (ex, Yoshida, 1989

1 2

| pa:p?.p)daz1 < P(ANB)+P(A)P(B)

1
e, , 6, o T(Gl G
R eXpL——a +

Lop; pl P

= pap;.p;)=02n) *

}

:

J

Ide et al. 1996)
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(Fukahata et al., 2004, 2003)




Expression of ABIC ABICO VA —

o

FF

(@>K; 6>K) = ABIC>VMTAERK (c)%ﬂ : @L
. ! _
(az o’ :02> |ﬂ1/xﬁ

Proper
ABIC(o?, %) = Nlogs(a*) — log [[o’Gy + 8°G, |

+ log [HH + o2G, +B2Gyl| +C' lml
|
Improper '%
ABIC(az,B2) = (N + Py + P, — M) logs(a*) — log o2F1 2P (b) W

+ log |[H™H + oG, + 3°G; || +C”"
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Fukahata, Yagi & Matsu'ura (2003)



Near(21) + Far(15)
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Inverted Slip Distribution
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CASE2: More than one sort of data (Joint inversion)

Expression of observation equation

nsAR: d, =H,a+e,, e, ~N(,0E,)

seismic: d =Ha+e, e ~N(©0,0E)

20°

NS
pla.1007) = 2oty <[5 o] (0, - ) B (4, )

I:> d =Ha+e, e, ~N(,c E)
)l (e) (o e,
d, H e 0 nNE,

p(dla;o].n*)=@2ro;) 2 |EMm*)| 2 exp[— 2;2 (d—Ha) E'(1*)(d - Ha)l

772 (= 63/0?): relative weight of data sets ~ new hyperparameter




CASE2: Joint inversion

Expression of ABIC

G, G,
__I__

ool (G
exp| ——a | —+—
Pl P 2 \pl P

(Fukahata et al., 2003, 2004)

M/2

*Prior Information: p(a;Pf,P§)=(27f)

Bayes' Theorem
plaio;.n’.pf.pild)=cp(dlaio;.n’)p(a:p.p3)

" Derivation of ABIC
ABIC(ocz,ﬁz,nz) = Nlogs(a*)— log‘ocz(}1 - ﬁsz‘
+logH'E™' (1) H+ oG, + f°G,| + log|E()| + C
(o’ =0;/p;. B =0;/p>)

ABIC min = optimum values of o*,8°,7° > a
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Results for

Seismic Data
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12
18

12
18

12
18

12
18

Distance along strike from W (km)

t
0 20 40 60 80 100 120 140 160 180
L | | | | | L L | |
> > = : > . > | - F
k] - - B . - - |
- . - | - > =]+ > -
d | | | | ' .
t2
0 20 40 60 80 100 120 140 160 180
L | | | | | L L | |
- " T-W=- [
- e PR I N . |
d | | | ' . I
ts
0 20 40 60 80 100 120 140 160 180
L | | | | | L L | |
-»> - - - - + -
S I I > B
‘ | , . ,
ts
0 20 40 60 80 100 120 140 160 180
L | | | | | L L | |
- - -> - - 3
. 1 NS
ts
0 20 40 60 80 100 120 140 160 180
L Il Il | Il Il " " Il |
T " ST i
. N ; ]
| | |
total
0 20 40 60 80 100 120 140 160 180
L | | | | L L | |
- | S - + = - -+ L

12
10

o N MO

Slip (m)




Result of Joint inversion
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CASE3: Weak Non-linear Inversion

Expression of observation equation

Non-linear : d= f (a,f) + e ( f: non-linear function)

l no approximation

Pseudo linearization: @ = H(f)a +— €  (H: matrix)

The parameters responsible for non-linearity is separated
from model parameters a that express slip distribution

-

where 1 : fault parameters (dip, strike, location) A

K L

u(x,z,0) = Zzaklxk (X)Z,(2) - slip distribution
k=1 1=1

a, - model parameters

\_ X (x),Z,(z) : basis functions Y,




Determination of the non-linear parameters f with ABIC

Residual sum of squares with prior (smoothness constraint)

s(a;o” )= (d-H®)a) E'(d—H{)a) + o’a’Ga

¢f. s(a;o’)=(d—Ha) E'(d—Ha)+o’a"Ga : linear case

o : weight between observation and prior ,
‘ Non-linear term

ABIC min (Yabuki & Matsu'ura, 1992)

In the same way, | ¢ ABIC min

Fukahata & Wright (2008, GJI)
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4. Covariance components due to observation error

We have nominally continuous observed data

E29°55' E30°0' E30°5' E30°10'

N38°10'

N38°5'

N38°0'

erght et al (1999) a

MM

seismic data

InSAR one- m11110n data




An 1inverted result
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very unstable!

| reviewed the computation program,
tried various settings, etc,
but the situation didn’t improve.



An 1inverted result
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ABIC Overfitting seemed to occur.



N38°5' N38°10'

N38°0'

At a coffee time, July 2005

me “l wonder 100 m might be too short
for the correlation distance.”

Tim “Yes, it’s about ten kilometer”

me “Oh, really?”

Observation Eq.: d=Ha+e, €~ N(0,0°E)

s(a;0?) =(d - Ha)T@(d —Ha)+a’a’Ga

\

/7

square of residual smoothness

E=1 - E =exp(—rij/s)

r;- distance between data i and j
s : typical correlation length (~10km)




(@]

Depth [km]
* o £ D

Introduction of 12
covariance of
observation error.

Depth [km]

Fukahata & - _ o
erght (2008) a: slip [m] ‘ J

Important lesson: Bad modelling leads to a bad result.

:> A bad result strongly suggests bad modelling.



Another important lesson

It was possible to manually adjust the hyperparameter to obtain
a good-looking result. But, 1f I did so, probably I didn’t realize
the importance of covariance components.

D 4

The hyperparameters should be determined
statistically (objectively).




5. Covariance components due to modeling error

For the case of waveform inversion

5.0
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Tibet, Manyi earthquake (Mw 7.6) (by Yagi on behalf of G. Funning)
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Waveform data are basically accurate,
so observation errors are small.

But if we densely sample,
data include common error.

Mathematically, covariance matrix E becomes

(6> 0 0) (68 o+ .0 )
_ 2 X g % *
E=|0 o 0 — A
\O 0 G/ . 0 % % 02)

We introduced modeling error (discretization error),
which leads to covariance components.

u(x,t) =Y Y a, X, (x)T(t)+5u(x,t)

X, (x), I (¢) :Basis functions (Yagi & Fukahata, 2008)




Introduction of covariance components due to modeling error
(discretization error) (Yagi & Fukahata, 2008)

K
iscretization error: u(t)= ) a,T.(T)+ ou(t
discretizatio ( ) ; k k( ) ( ) T(?) : basis function

When parameterizing the problem, discretization error inevitably emerges

Relation between data and model: dl. (1) = J Gl. (;7D)u(T)dT

ou

Expression of the error in the observation eq.: P

e (1) = | G, (10)du(v)dr

Following the law of propagation of errors, E

covariance components emerge.

—>
5




With Covariance Conventional (Without Covariance)
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Reproduction of high frequency components

New Conventional
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Note that the residual mean square 1s /less in the conventional




5-2. Covariance due to uncertainty of Green's function

Another Example of unrealistic result

S

\ Tohoku-oki
(M9.0), 2011

T Nl

Dip (km)

504 1/

_100_5 : : p -
SRaaazaasy [T [T [rrrrrrrT [rrrrrrrT (e [T [T [T [T I"'_ FUkahata, Yagl
-200 -150 -100 -50 0] 50 100 150 200 250 300 & Mitsui (2012)
Strike (km) Slip (m)
e

O 10 20 30 40 50

Large negative & strike slips

which also tells us something is wrong in the inversion scheme

(We should be very careful to apply non-negative condition)



<Non-negative Condition>

Non-negative condition 1s commonly considered to be
physically reasonable. However, the non-negative
condition always leads to biased estimates, 1.¢.,

E(U(X)) =0 > E(u(x)) > ()

1

non-negative

E': expectation
u: slip

X: a far distance
from the source

in statistical inference.

“Unbiased” is one of the most important criterion
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oom e 2. [Max slip]
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Introduction of uncertainty of Green's function
(Yagi & Fukahata, 2011; GJI)

obs model

e=¢ +t+¢

Observation equation : | d = (Gq + eobs
@ Introduction of uncertainty

of Green's function
d=(G+0G)a+e™
I];> d=Ga+(0Ga+e™)

New error term

5G is assumed to be Gaussian for simplicity.



Slip Distribution
of Tohoku eq.

New (with error of
Green's function) -

Conventional

Dip (km)

504

100 3

Non-negative
(without error of
Green's function)




Inversion results of the Tohoku-oki earthquake
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Error due to setting of a fault model
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2016 Kumamoto earthquake

-20-16-12 -8 -4 0 4 8 12 16 20

1 | L
)

1 Fault Model

130.4°

LIS
K

130.6° 130.8° 131° 131.2° 131.4°
33.2
33°
A
Q D3 % 1/%‘5 =
T L N
e
%% 5 (‘f/ 33°
@vﬁ?ﬁ%w ) B
RETEY M
A\ VHUS ~
f@%\é&)ﬁ /)%WQ = Sg_eo_
/‘%@j\@ A@c@\?&; 9 1
Ehienl o e 16
130.6° 130.8° 131° 131.2° 131.4° 131.6

Fukahata & Hashimoto (2016, EPS)

2 Faults Model

4| -20-16-12-8 4 0 4 8 1216 20

[ R IR NI N M

| Negative slip diminishes!




Summary

In order to obtain apparently good looking
results, we shouldn’t adjust the smoothing
parameter and/or apply non—negative condition.

Physically unrealistic results strongly suggest
that something is wrong in the setting of the
Inversion analysis.

By seeking the reason for unrealistic results,
we can develop a better inversion method

“Bad modelling leads to a bad resulct.
A bad result suggests bad modelling.”




